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Abstract

Secondary brain injury (SBI) is defined as new or worsening injury to the brain after an initial neurologic insult, such as hemor-

rhage, trauma, ischemic stroke, or infection. It is a common and potentially preventable complication following many types of pri-

mary brain injury (PBI). However, mechanistic details about how PBI leads to additional brain injury and evolves into SBI are

poorly characterized. In this work, we propose a mechanistic model for the metabolic supply demand mismatch hypothesis

(MSDMH) of SBI. Our model, based on the Hodgkin–Huxley model, supplemented with additional dynamics for extracellular po-

tassium, oxygen concentration, and excitotoxity, provides a high-level unified explanation for why patients with acute brain injury

frequently develop SBI. We investigate how decreased oxygen, increased extracellular potassium, excitotoxicity, and seizures

can induce SBI and suggest three underlying paths for how events following PBI may lead to SBI. The proposed model also

helps explain several important empirical observations, including the common association of acute brain injury with seizures, the

association of seizures with tissue hypoxia and so on. In contrast to current practices which assume that ischemia plays the pre-

dominant role in SBI, our model suggests that metabolic crisis involved in SBI can also be nonischemic. Our findings offer a

more comprehensive understanding of the complex interrelationship among potassium, oxygen, excitotoxicity, seizures, and SBI.

NEW & NOTEWORTHY We present a novel mechanistic model for the metabolic supply demand mismatch hypothesis (MSDMH),

which attempts to explain why patients with acute brain injury frequently develop seizure activity and secondary brain injury (SBI).

Specifically, we investigate how decreased oxygen, increased extracellular potassium, excitotoxicity, seizures, all common sequalae of

primary brain injury (PBI), can induce SBI and suggest three underlying paths for how events following PBI may lead to SBI.

excitotoxicity; metabolic supply-demand mismatch hypothesis; neural computational model; secondary brain injury; seizures

INTRODUCTION

Secondary brain injury (SBI) is a common and potentially
preventable complication following many types of primary
brain injury (PBI), including ischemic stroke, traumatic brain
injury (TBI), and subarachnoidal hemorrhage (SAH), etc. SBI
occurs when, following an initial injury, additional neuronal
damage develops and leads to a worsening of neurological
symptoms and deficits, often followed by worsening of the
long-term degree of neurologic disability (1).

In many cases, SBI involves a prolonged state of “metabolic
crisis,” in which signs of neuronal injury are accompanied by

signs of increasedmetabolism (2–4). Metabolic crisis was orig-
inally assumed to be primarily caused by large-artery ische-
mia; however, recent work suggests that other factors play
important roles. These include both factors that increase met-
abolic demand (e.g., seizures, periodic discharges, and cortical
spreading depolarizations, Refs. 2 and 3) and factors that
decrease metabolic supply (e.g., inflammation, microvascular
spasm,microthrombosis, and impairment of local autoregula-
tion). The “metabolic supply-demand mismatch hypothesis”
(MSDMH) has been proposed as a conceptual framework to
explain these findings (5). According to the MSDMH, when
tissue injured by PBI (reduced supply) is recruited into
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metabolically demanding activity (increased demand), this

compromises brain function, leading to tissue injury and neu-

rologic deficits, which may be either reversible or irreversible

depending on the severity and duration of the supply-

demand mismatch. However, mechanistic details of how PBI

leads to additional brain injury and evolves into SBI are poorly

characterized.
A neural computational model is a kind of mathematical

model based on biophysics, which is a tool for testing

dynamic scenarios to gain mechanistic insight into the dy-

namics of brain activities. It can be categorized into two

main families, macroscopicmodels andmicroscopic models,

according to the level of biological organization they aim to

represent. The former one focuses on describing the mean

activities (such as mean firing rates, mean postsynaptic

potentials) of neuronal populations (6–9). In contrast, the

latter one focuses on quantifying the dynamical behavior of

single neurons, which are considered to be the primary com-

putational units of brain function (10–15). Compared with

macroscopicmodels, themicroscopicmodels are able to cap-

ture brain dynamics in a more realistically and biologically

explanative way. The microscopic approach can be traced

back to the 1950s with the seminal works of Hodgkin and

Huxley, who described the model (i.e., HHmodel) to explain

how nerve action potentials in the squid giant axon are initi-

ated and propagated (16). This approach has then been pro-

gressively used to simulate various electrophysiological

activities (e.g., event-related potential, a rhythm) and shed

light on the mechanisms underlying both neurophysiologi-

cal (e.g., attention, learning, speech perception) and patho-

logical phenomena (e.g., epileptic seizures, sleep disorders).
Recent work on oxygen metabolism during and following

epilepsy has shown that a modification of the HH model

could simulate the seizure pattern (17). Seizures are a com-

mon phenomenon in SBI. Building on this work, this paper

proposes a mechanistic model for the MSDMH of SBI. Our

model, based on the Hodgkin–Huxley model, supplemented

with additional dynamics of three known mechanisms in

SBI, shows mechanistic details of how PBI leads to neuro-

pathological alterations and evolves into SBI. Mechanisms

applied here are believed to be central to brain dysfunction

in SBI: 1) decreased oxygen; 2) increased extracellular potas-

sium; and 3) increased excitotoxicity. Based on the proposed

model, we show how changes in extracellular potassium, ox-

ygen concentration, and excitotoxicity might play important

roles in the evolution from PBI to SBI and suggest three

underlying pathways for how events following PBI may lead

to SBI. The corresponding conceptual model is illustrated in

Fig. 1. We also use the proposed model to explain several im-

portant observations in the literature, including: 1) brain

injury frequently leads to seizures and periodic discharges

(PDs); 2) seizures and PDs are associated with tissue hypoxia;

and 3) more severe brain injury is associated with more

severe seizures and PDs (i.e., more frequent seizures, or

higher frequency PDs).

MATERIALS AND METHODS

In this section, we provide background to motivate the

proposedmodel and then give a mathematical description of

our proposed SBImodel (SBIM).

Background and Motivation

Increased extracellular potassium levels.
Increases in extracellular potassium ([Kþ ]o) have been

described after many types of PBI. Several prior studies indi-

cate that a massive increase in [Kþ ]o occurs in response to

experimental traumatic brain or spinal cord injury (18). In
addition, in the early phase of ischemia, accumulation of

extracellular Kþ also occurs, which is related to decreased

blood flow and impairment of ionic pumps (19). It has also

been shown in rats with SAH that the hemolysis products he-

moglobin and extracellular Kþ accumulate as well in the

subarachnoid space (20). An increase in [Kþ ]o has also been

reported following concussive brain injury, which can be

explained in terms of Kþ
flux through voltage-gated Kþ

channels associated with neuronal discharges, and several

lines of evidence suggest that intense neuronal discharges

occur immediately following concussive brain injury (21).

Decreased oxygen levels.
Several prior studies show that decreasing oxygen levels of-

ten accompany PBI and are likely involved in SBI. It has

been shown both in experimental models and in human

brain injury that cerebral metabolic rate of oxygen (CMRO2)

is reduced by at least 50% after TBI in the acute period (2,

22), which is thought to arise from a predominantly calcium-

mediated impairment of mitochondrial respiratory function
as well as early cell death. One study of SBI occurring in a

patient with SAH demonstrated that cerebral blood flow

(CBF) and CMRO2 depression were evident in both hemi-

spheres, although large vessel vasospasm was present in

only one of the hemispheres (23). The decreased oxygen sat-

uration in asymmetrically prominent cortical veins (APCV),

correlating with an increase of deoxygenated hemoglobin,

has also been seen in ischemic stroke (24).

Excitotoxicity.
Excitotoxicity induced by the presence of excessive excita-

tory amino acids (EAA) or neurotransmitters and receptor

activation accompanies acute brain injury. Several lines of

evidence indicate that activation of muscarinic cholinergic

and/or NMDA glutamate receptors may significantly con-

tribute to TBI pathophysiology (25), likely due to excessive

release of neurotransmitters caused by TBI-induced mem-

brane depolarization. Katayama et al. (26) reported a 90%

increase in glutamate within 2min after moderate TBI. A
much larger magnitude of EAA release was reported by

Faden et al. (27). In their study, moderate fluid-percussion

TBI associated with contusions produced 282% and 273%

increases in glutamate and aspartate, respectively, whereas

severe injury produced increases of 940% and 1,849%. In is-

chemic stroke, excitotoxicity is considered to be a central

mechanism as well. The reduction of blood flow supply to

the brain during ischemic stroke results in membrane depo-

larization and activation of voltage-gated calcium channels,

which lead to excessive release of EAA—particularly gluta-
mate—to the extracellular compartment (28, 29).

Seizures and seizure-like brain activity.
Seizures are a major concern in the acute period following

PBI. For example, up to 25% of patients with TBI (30), and
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12% of patients with subarachnoid hemorrhage (SAH),

have acute electrographic seizures when monitored with

electroencephalography (EEG) (31). Seizures are associated

not only with heightened morbidity and mortality in early

stages following TBI, but are also a leading risk factor for

death several years following TBI (32). PDs are EEG pat-

terns related to seizures commonly seen in patients with

PBI (33). They are associated with an increased risk of seiz-

ures (34) and exhibit seizure-like properties including re-

versible focal neurophysiological dysfunction (35), as well

as increased glucose metabolism and metabolic stress sim-

ilar to seizures (5, 30).

The Hodgkin–Huxley Model

The Hodgkin–Huxley model (HH model) was proposed

by Alan Lloyd Hodgkin and Andrew Fielding Huxley in

1952, which aims to explain the ionic mechanisms under-

lying the initiation and propagation of action potentials in

the squid giant axon. We note that the full HH model is a

set of partial differential equations, which include partial

derivatives with respect to time and spatial position of the

neuron (16). In this work, we consider only temporal dy-

namics and do not model spatio-temporal dynamics.

Therefore, we use the “space-clamped” HH model, whose

equations are formulated by

dV

dt
¼

1

C
Ie � INa � IK � IClð Þ; ð1Þ

INa ¼ GNam
3h V � ENað Þ þ GNaL V � ENað Þ; ð2Þ

IK ¼ GKn
4h V � EKð Þ þ GKL V � EKð Þ; ð3Þ

ICl ¼ GClL V � EClð Þ; ð4Þ

where V is the membrane potential; INa and IK represent

the sodium current and potassium current, whose values

are the sum of the leak current and the current passing

through certain channels respectively; ICl is the chloride

leak current; Ie is the external applied current; GNa and

GK represent the maximal conductance of sodium and po-

tassium channels; GNaL, GKL, and GClL are the leak con-

ductance of Naþ , Kþ , and Cl–, respectively; m, n, h denote

the “gating” variables modeling the probability that a

channel is open at a given moment in time. The com-

bined action of m and h controls the Naþ channels,

whereas the action of n controls the Kþ channels. They

can be described by

dm

dt
¼ am 1� mð Þ � bmm;

dn

dt
¼ an 1� nð Þ � bnn;

dh

dt

¼ ah 1� hð Þ � bhh:

Here, ai and b i (i =m, n, h) represent the opening and

closing rates of the ion channels, which depend on the

membrane potential V shown as follows: am ¼ 0:32 54þVð Þ

1�exp �V þ 54
4ð Þ

,

an ¼ 0:032 52þVð Þ

1�exp �V þ 52
5ð Þ

, ah ¼ 0:128exp � 50þV
18

� �

; bm ¼ 0:28 27þVð Þ

exp V þ 27
5ð Þ�1

;

bn ¼ 0:5exp � 57þV
40

� �

;bh ¼ 4
1þ expð�V þ 27

5 Þ
.

Parameters ENa, EK, and ECl are reversal potentials of Naþ ,

Kþ , and Cl–, respectively, which are calculated according to

Nernst equations in Ref. 36:

EK ¼ 26:64ln
Kþ½ �o

Kþ½ �
i

 !

; ð5Þ

ENa ¼ 26:64ln
Naþ½ �o

Naþ½ �i

 !

; ð6Þ

ECl ¼ 26:64ln
Cl

�½ �i

Cl
�½ �o

 !

; ð7Þ

here, [A]i and [A]o represent the intracellular and extracellu-

lar concentration of ion A (A [ {Naþ , Kþ , Cl–}).

The Secondary Brain Injury Model

To better understand the effect of extracellular Kþ level,

extracellular O2 level, and excitotoxicity on SBI, we supple-

ment the basic HH model by including the dynamics of

[Kþ ]o, the dynamics of [O2]o, and an additional excitatory

synaptic current.

Dynamics of [K
þ
]o.

To investigate how SBI occurs with the increased extracellu-

lar potassium levels, we modify Eq. 5 by incorporating the

dynamics of [Kþ ]o instead of using a constant value. It has

been stated that the concentration of Kþ in the interstitial

volume surrounding each cell is continuously updated rely-

ing on five types of currents, that is, Kþ current across the

membrane (IK), the neuronal Naþ -Kþ pump current (Ipump),

glial Naþ -Kþ pump current (Igliapump), glial buffering current

(Iglia), and lateral diffusion current of Kþ between the extra-

cellular space and bath solution (Idiff) (11). Based on such

Figure 1. Conceptual model for how O2 levels, extracellular

Kþ levels, and excitotoxicity affect seizures and periodic

discharges (PDs) to induce SBI. Iexc, excitatory synaptic cur-

rent; [K
þ
]o, extracellular potassium concentration; [O2]o,

extracellular oxygen concentration; SBI, secondary brain

injury.

NEURAL COMPUTATIONAL MODEL OF SECONDARY BRAIN INJURY

J Neurophysiol � doi:10.1152/jn.00674.2020 � www.jn.org 655

http://www.jn.org


recognition, Wei et al. (17) formulated the dynamics of [Kþ ]o to

account for the spontaneous periodic seizure events, that is,

d Kþ½ �o
dt

¼ cbIK � 2bIpump � Idiff � Iglia � 2Igliapump: ð8Þ

In this paper, we aim at giving an interpretation for the
occurrence of SBI by applying the same way to character-
ize the variation of [Kþ ]o. Here, c is a unit conversion fac-
tor that converts the current density to rate-of-change of
concentration, and b is a dimensionless factor which rep-
resents the ratio of the intracellular volume to the extracel-
lular volume.

Dynamics of [O2]o.
To investigate how SBI occurs with the decreased oxygen
levels, we add the dynamical equation of [O2]o in the original
HHmodel. From the procedure of the oxidative phosphoryl-
ation, we know that O2 is able to generate ATP that is mainly
consumed by the activity of the neuronal and glial pumps
(17). In addition, it has been stated that the supply of O2 is
mainly governed by the bath solution in in vitro experiments
or by the microvasculature in vivo (i.e., [O2]bath) (17). Based
on such points, the dynamics of [O2]o can be characterized
by the following linear differential equation (17):

d O2½ �o
dt

¼ �ak Ipump þ Igliapumpð Þ þ e0 O2½ �bath � O2½ �o
� �

; ð9Þ

where the left side
d O2½ �o
dt

represents the rate of oxygen (i.e.,
[O2]rate). The first term on the right side represents the oxy-
gen consumption due to the neuronal pump and glial pump,
and the second term represents the oxygen supply due to the
bath solution. Parameter a is a conversion factor converting
pump current to oxygen concentration change, and e0 is the
diffusion rate. In this paper, we incorporate Eq. 9 into HH
model.

Formulation of excitotoxicity.
Excitotoxicity is the pathological process by which neurons
are damaged and killed by overactivation of receptors for the
excitatory neurotransmitter glutamate, including NMDA
and AMPA receptors. Therefore, to a certain extent, the
NMDA/AMPA receptor-mediated synaptic current can be
used as a proxy for excitotoxicity. For simplicity, we neglect
the type of excitatory receptors and directly apply the excita-
tory synaptic current (Iexc) to model excitotoxicity, and add
it into the original membrane potential Eq. 1 in HH model.
The added excitatory current is formulated by

Iexc ¼ �gexcite tð ÞðV � EexciteÞ; ð10Þ

where gexcite denotes the time-dependent excitatory con-
ductance (37). According to the work of Destexhe et al. (38),
we model the source of synaptic conductance as a large
number of weak synaptic inputs using a diffusion approxi-
mation, that is,

dgexcite

dt
¼ �

1

sexcite
gexcite � gmeanð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dexcite

p

fexcite:

ð10aÞ

Here, sexcite is the time constant, fexcite is the White noise
process, Dexcite is the diffusion coefficient of the noise pro-
cess, and Eexcite is the corresponding reversal potential.

Mathematical formulation of SBIM.
In this part, we first clarify the formulation of reversal
potentials ENa, EK, and ECl, which are critical in the mathe-
matical modeling of SBIM. From Eqs. 5–7, it is obvious
that the reversal potentials depend on the ion concentra-
tions. Hence, we give the calculation of each ion concen-
tration in what follows. Since the flow of Kþ out of the cell
is assumed to be compensated by the flow of Naþ into the
cell, we apply the way described by Cressman et al. (11) to
calculate [Kþ ]i as

Kþ½ �
i ¼ Kþ½ �

i;rest þ Naþ½ �i;rest � Naþ½ �i

� �

: ð11Þ

Here, [Kþ ]i,rest and [Naþ ]i,rest represent the normal resting
values of [Kþ ]i and [Naþ ]i. Moreover, [Naþ ]i and [Naþ ]o are
calculated on the basis of the work by Wei et al. (11, 17, 39),
that is,

d Naþ½ �i
dt

¼ �cINa � 3Ipump; ð12Þ

Naþ½ �o ¼ Naþ½ �o;rest � bð Naþ½ �i � Naþ½ �i;restÞ: ð13Þ

Here, [Naþ ]o,rest is the [Naþ ]o under normal resting con-
ditions for a mammalian neuron (11). As for [Cl–]i and
[Cl–]o, we assume that they are fixed at 6mM and 130 mM,
respectively.

Next, we formulate four forms of currents Ipump, Iglia,
Igliapump, and Idiff, which play important roles on the dynam-
ics of [Kþ ]o and [O2]o in Eqs. 8 and 9. In this work, we apply
the formulations in Ref. 11, that is,

Ipump ¼
q

1 þ ½exp 25� Naþ½ �
i

� �

=3�
�

1

1 þ expð5:5� Kþ½ �oÞ
;

ð14Þ

Iglia ¼
Gglia

1 þ exp
18� Kþ½ �oð Þ

2:5

h i ; ð15Þ

Igliapump ¼
1

3

q

1 þ ½exp 25� Naþ½ �i
� �

=3�

�
1

1 þ expð5:5� Kþ½ �oÞ
; ð16Þ

Idiff ¼ ek Kþ½ �o � Kþ½ �
bath

� �

: ð17Þ

In Eqs. 14–17, parameter Gglia is the glia uptake strength; q

is the pump/glia pump strength satisfyingq ¼ qmax

1þ exp
20� O2½ �oð Þ

3

h i,

where qmax is the maximal strength of Naþ -Kþ pump in the
fully oxygenated state; [Kþ ]bath is the potassium concentra-
tion in the largest nearby reservoir corresponding to either
the bath solution in a slice preparation, or the vasculature in
the intact brain. The parameter ek is the potassium diffusion
rate. It represents the diffusion of Kþ from the local extracel-
lular microenvironment to blood vessels/bath solution,
where Kþ is transported through astrocytic glial cells
and released from their endfeet into blood vessels (40).
Meanwhile, it is reported that ion transport between glial
cells and blood vessels is dependent upon active transport
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through the Naþ /Kþ pump (41), which in turn is related to
the oxygen concentration. Therefore, we formulate ek as a
sigmoid function of O2 level rather than a constant according
to the work ofWei et al. (14), that is,

ek ¼
ek;max

1 þ exp � O2½ �bath�5
5

� � ; ð18Þ

where ek,max is the maximal potassium diffusion rate.
In general, the mathematical equations of SBIM are

obtained by combining HH model with the formulation of
SBI mechanisms shown in Eqs. 8–18. The final model output
is the membrane potential V, which is the solution of the fol-
lowing dynamical equation

dV

dt
¼

1

C
Ie � INa � IK � ICl þ Iexcð Þ: ð19Þ

Figure 2 provides a visualization of the dependency rela-
tionship among all variables in SBIM. Here, a one-way arrow
(A! B) signifies that variable A affects the dynamics of vari-
able B, and a two-way arrow (A $ B) means that there exists
a bidirectional interaction between A and B. In our proposed
model, the nominal values of all parameters are listed in
Table 1 (referenced in Ref. 17).

EXPERIMENTS AND RESULTS

Experimental Approach

Seizures, particularly nonconvulsive seizures, are com-
monly found on EEG following acute brain injury. Wei et al.
(17) found that oxygen utilization increases during and fol-
lowing seizures, requiring ion pumps to expend energy to
restore ion gradients, and this, in combination with the sig-
nificant time required for oxygen to diffuse from bath solu-
tion into the extracellular space, leads to tissue hypoxia.
Witsch et al. (5) found in patients with SAH that this effect
on brain tissue oxygenation was dependent on discharge fre-
quency within seizures and periodic discharges (higher-fre-
quency discharges causing more metabolic stress that is not
compensated for adequately after acute brain injury com-
pared with lower-frequency discharges). To explore the rela-
tionship among seizures, tissue hypoxia, and brain injury,
we define two indices as follows:

First, we define the “hypoxia index (HI)” to represent the
cumulative burden of hypoxia as

HI ¼

ðT

0

H Thr� O2½ �o
� �

Thr� O2½ �o
� �

dt: ð20Þ

Figure 2. Relationship among all variables in SBIM. ECl, rever-

sal potential of Cl
�
; EK, reversal potential of K

þ
; ENa, reversal

potential of Na
þ
; Gglia, glia uptake strength; ICl, chloride leak

current; Idiff, lateral diffusion current of Kþ between the

extracellular space and bath solution; Iglia, glial buffering cur-

rent; Iexc, excitatory synaptic current; Igliapump, glial Na
þ
–K

þ

pump current; IK, potassium current; INa, sodium current;

Ipump, neuronal Na
þ
–Kþ pump current; [Kþ ], Kþ concentra-

tion; [K
þ
]o, extracellular K

þ
concentration; [Na

þ
]i, intracellu-

lar Na
þ

concentration; [O2], oxygen concentration; [O2]o,

extracellular oxygen concentration; SBIM, secondary brain

injury model; V, membrane potential.

Table 1. Nominal values of all parameters in SBIM

Parameter Values, Units Parameter Values, Units Parameter Values, Units

GNa 30 mS/cm
2 qmax 1.25 mM/s c 0.0445 mM/s/lA/cm2

GNaL 0.01750 mS/cm
2

C 1 lF/cm2
[O2]bath 32 mg/L

GK 25 mS/cm2 a 5.3 g/mol [Kþ ]bath 4 mM

GKL 0.05 mS/cm2 k 1 Eexcite 0 mV

GCLL 0.05 mS/cm
2

e0 0.17 s
�1

[Na
þ
]i,rest 18 mM

ECL –81.9386mV Gglia 8 mM/s [K
þ
]i,rest 140 mM

b 7 ekmax 0.33 s�1 [Naþ ]o,rest 144 mM

Thr 24 mg/L Thr1 –88 mV Thr2 60 mV

gmean 0.005 mS/cm
2

Dexcite 1 sexcite 3.3 ms

SBIM, secondary brain injury model. See text for definitions of model parameters.

NEURAL COMPUTATIONAL MODEL OF SECONDARY BRAIN INJURY

J Neurophysiol � doi:10.1152/jn.00674.2020 � www.jn.org 657

http://www.jn.org


Here, HI is taken as a measure of ongoing brain injury

(42), as well as a proxy for the severity and extent of SBI,

where Thr is named as the “brain injury threshold,” H(·) is
the Heaviside function, and T is the duration of the experi-

ment. Obviously, the higher the value of HI is, the more

severe SBI will be.
Next, we define the “epileptiform activity intensity

(EI)” as

EI ¼
time with epileptiform discharges

total EEG time

�
no: of epileptiform discharges

time with epileptiform discharges
Hzð Þ; ð21Þ

to measure the intensity of epileptiform activity(i.e., seiz-

ures or PDs). The first term of EI represents the epilepti-

form burden, which is the proportion of time occupied by
seizures or PDs during a period of EEG recording. The sec-

ond term represents discharge frequency [i.e., rate of epi-
leptiform discharges (Hz)], which is the number of

epileptiform discharges per second within a seizure or a

train of PDs. In this work, we take EI as a measure of the se-
verity of seizures or PDs, as well as the propensity to

induce metabolic crisis by seizures or PDs. Obviously, EI

becomes larger with the increase of epileptiform burden
and discharge frequency.

Seen from Fig. 2, we found that EK and ENa are in the key

position and exert important effects on the variables in
SBIM. Therefore, we also define two indices,

VEK
¼

ðT

0

HðEK � Thr1ÞðEK � Thr1Þdt

and

VENa
¼

ðT

0

HðThr2 � ENaÞðThr2 � ENaÞdt; ð22Þ

to geometrically measure the area between the EK versus

time curve and a threshold value EK = Thr1, and the area
between the ENa versus time curve and a threshold value

ENa = Thr2. It is obvious that the lower the absolute values of

EK and ENa are, the larger the values ofVEK
and VENa

will be.
In the following, we apply the proposed neural computa-

tional model SBIM to investigate how three key factors

([O2]o, [K
þ ]o, Iexc) affect seizures and SBI with the defined

measures HI, EI, VEK
, and VENa

We note that our analysis

focuses on acute manipulations and their acute consequen-

ces, such as would occur during a hospitalization, rather
than long-term changes such as might occur in the weeks or

months following an acute injury. Meanwhile, the explana-

tions for several important observations obtained in the
experiments will be also clarified by themodel SBIM. To real-

ize our objective, three key model parameters: [Kþ ]bath,
[O2]bath, and gmean are varied in our experiments. Here, the

range of [Kþ ]bath is set to be [4mM, 10mM], as in Ref. 43. The

range of [O2]bath is set to be the same values used in the work
of Wei et al. (17) (i.e., [15mg/L, 32mg/L]) in investigating oxy-

gen and seizure dynamics. The baseline value of gmean is set

to be 0.005, which agrees with the range [0.005, 0.0375]
given to simulate synaptic background activity in the work

by Destexhe et al. (38). In addition, we set brain injury
threshold Thr to be 24mg/L. We have verified that if Thr

is set to a value from 20mg/L to 28mg/L, similar

experimental results are obtained. The thresholds Thr1
and Thr2 are set to be �88 mV and 60mV, respectively,

according to the reversal potential constant values in

mammalian neurons. All simulations were performed

using Matlab (MathWorks, Natick, MA) software, and the

fourth-order Runge–Kutta method was used for integrat-

ing all differential equations. For Eq. 10a, a noise realiza-

tion was added at each step.

Experimental Results

Increased [K
þ
]o induces SBI.

We simulate spillage of Kþ into the extracellular space

([Kþ ]o)from damaged neurons after PBI, by varying the

model parameter [Kþ ]bath from its normal value of 4mM up

to a higher value 10mM and calculate the resultingmeasures

of SBI: HI, EI, VEK
, and VENa

. As we increased [Kþ ]bath, local

available [Kþ ]o increases. Model behaviors for three values of

[Kþ ]bath = 4, 6, 9mM are shown in Fig. 3, A–C, respectively.

For these experiments, all parameters, except [Kþ ]bath, are

set to their nominal values listed in Table 1. We also neglect

the influence of excitatory neurotransmitters, by setting Iexc
to 0. We define the model output as showing a “seizure”

where there is a cluster of discharges.
For the membrane potential trace V given by the model,

we see that with increasing levels, the number of seizures

increases [no seizure for [Kþ ]bath = 4mM (Fig. 3A), 1 seizure

for [Kþ ]bath = 6mM (Fig. 3B), and 4 seizures for [Kþ ]bath =

9mM (Fig. 3C)]. Simultaneously, the epileptiform burden

(fraction of time with seizures) increases from 0, to 0.11, to

0.61. Also, the frequency of discharges within the seizure

increases from 0Hz to 121.4Hz, and then to 432.7Hz.

Overall, the increasing epileptiform burden and the dis-

charge frequency increase the intensity of epileptiform ac-

tivity, EI. For the [O2]o profile, we see that, with increased

[Kþ ]bath, more O2 is needed to support the more intense spik-

ing activity, which results in a higher burden of hypoxia (i.e.,

larger gray area for [O2]o under the threshold Thr). In addi-

tion, increasing [Kþ ]bath leads to a higherEK and thus a larger

gray area for EK above the threshold Thr1, and a lower ENa

and thus a larger gray area for ENa under the threshold Thr2.
The overall relationship between [Kþ ]bath and SBI is dem-

onstrated in Fig. 4. We found that EI increases with increas-

ing levels of [Kþ ]bath resulting from PBI, and the severity and

extent of SBI (i.e., HI) increases with increasing EI, where the

color bar represents the value of HI (Fig. 4A).This implies

that more severe brain injury, associated with increased

[Kþ ]o, is associated with more intense seizures. This is con-

sistent with the physiological observations in the literature.

We also found that VEK
and VENa

increase with increasing EI;

color bars represent the value of VEK
and VENa

, respectively

(Fig. 4, B and C). This might imply that the transition from

PBI to SBI resulting from the increase of [Kþ ]o is accompa-

nied by increasing EK and decreasing ENa.

Excitotoxicity induces SBI.
We next simulate excitation of neural tissue due to excessive

excitatory neurotransmission after PBI, by injecting an exter-

nal excitatory synaptic current Iexc into the model, which is

taken as a variable satisfying the dynamics of excitatory con-

ductance (gexc) and membrane potential (V). As we decrease
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the mean value of gexc (i.e., gmean), available Iexc increases,
indicating more excitotoxity.

We experimentally vary gmean in the model from 1 to 0.005.
The simulated model behavior for three values of gmean = 1,
0.47, and 0. 02 are shown in Fig. 5, in which all the other pa-
rameters are set to be their nominal values listed in Table 1,
except [Kþ ]bath. We consider two cases for [Kþ ]bath: its normal
value (4mM, Fig. 5, A–C) and a higher value (8.5mM, Fig. 5,
D–F). We see that there is no epileptiform activity when
[Kþ ]bath is normal, although gmean is decreased (Fig. 5, A–C).
However, when [Kþ ]bath is higher, decreasing gmean leads to
increased numbers of seizures [no seizure for gmean = 1 (Fig.
5D), 3 seizures for gmean = 0.47 (Fig. 5E), and 4 seizures for
gmean = 0.02 (Fig. 5F)]. Meanwhile, the epileptiform burden
and frequency of discharges within the seizures increase
simultaneously, which results in increasing seizure inten-
sity. Similarly, more hypoxia occurs with decreased gmean

and increased intensity of seizures (third row in Fig. 5, D–

F). Also, decreasing gmean leads to a higher EK (fifth row in
Fig. 5, D–F), and to a lower ENa (sixth row in Fig. 5, D–F).

The overall relationship between excitotoxicity and SBI is
shown in Fig. 6. We found that EI increases with increasing
levels of excitotoxity (i.e., decreasing gmean) resulting from
PBI, and severity of SBI (i.e., HI) in turn increases with
increasing EI (Fig. 6A).This implies that more severe brain
injury, associated with increased excitotoxity, is also associ-
ated with more intense seizures. Similarly, we observe that
VEK

and VENa
increase with increasing EI (Fig. 6, B and C).

This might suggest that the transition from PBI to SBI result-
ing from excitotoxicity is also accompanied by increasing EK

and decreasing ENa.

Decreased [O2]o and SBI.
We next simulate reduced oxidative metabolism after PBI,
by varying the model parameter [O2]bath from its normal
value 32mg/L to a lower value 15mg/L. Simulated model
behaviors, with [O2]bath equals to 32mg/L, 26mg/L, and
22mg/L, are shown in Fig. 7. Other parameters are set to be
their nominal values listed in Table 1, except [Kþ ]bath,
which is set to its normal value (4mM, Fig. 7, A–C) and to a

Figure 4. Relationships between bath potassium levels and SBI. A: relationship among [K
þ
]bath, epileptiform activity intensity (EI), and hypoxia index (HI).

The color bar indicates the value of the brain injury, HI. B: relationship among [K
þ
]bath, EI, and VEK

. The color bar indicates the value of VEK . C: relationship

among [K
þ
]bath, EI, and VENa

. The color bar indicates the value of VENa
. SBI, secondary brain injury; VEK

, quantities of reversal potential of K
þ
; VENa

,

quantities of reversal potential of Naþ .

Figure 3. Epileptiform activity intensity increases with ambient potassium levels. Plots show model outputs over time, including the membrane potential V;

extracellular Kþ concentration ([Kþ ]o); extracellular oxygen concentration ([O2]o); rate of oxygen consumption ([O2]rate) due to pump activity (red curve), and

rate of oxygen replenishment by diffusion from bath solution (black curve); reversal potentials of K
þ
(EK) and Na

þ
(ENa). These are shown for three levels of

bath potassium: [K
þ
]bath = 4mM (A), [K

þ
]bath = 6mM (B), and [K

þ
]bath = 9mM (C). The dotted lines in the plots for [O2]o, EK, and ENa are the corresponding

thresholds Thr, Thr1, and Thr2. The area of the gray regions represent hypoxia index (HI),VEK
, and VENa

defined in Eqs. 20 and 22, respectively. VEK
, quanti-

ties of reversal potential of Kþ ; VENa
, quantities of reversal potential of Naþ .
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higher value (8.5mM, Fig. 7, D–F). Under the condition of
normal [Kþ ]bath, following Wei et al. (17), an external input
is applied (i.e., Ie = 0.5) to mimic a slightly excitable state.
For these experiments, we neglect the influence of
increased excitatory neurotransmission by setting Iexc to
be 0.

We see that when [Kþ ]bath is normal, the model exhibits
tonic firing activity at [O2]bath = 32mg/L (Fig. 7A).
Seizures appear when [O2]bath decreases to 26mg/L (Fig.
7B), and then disappear when [O2]bath is further decreased

to 22mg/L (Fig. 7C). Further experiments (not shown)
show that seizure events occur within a narrow range of
[O2]bath (22–27mg/L) under normal bath potassium con-
centrations. When [Kþ ]bath is increased to 8.5mM, seiz-
ures occur for a larger range of [O2]bath, although seizures
occur less often and are briefer with decreasing values of
[O2]bath. This pattern is seen in Fig. 7, D–F, where the
model exhibits periodic seizures when [O2]bath equals
32mg/L, 26mg/L, and 22mg/L, respectively, with corre-
sponding EI values of 66.4, 63.5, and 59.1. And the more

Figure 5. Epileptiform activity intensity increases with increasing levels of excitotoxicity, when bath potassium levels are elevated. Plots show the mem-

brane potential V, extracellular Kþ concentration ([Kþ ]o), extracellular O2 concentration ([O2]o), O2 consumption rate ([O2]rate), and reversal potentials of

K
þ
(EK) and Na

þ
(ENa) for gmean = 1 (A and D), gmean = 0.47 (B and E), gmean = 0.02 (C and F), [K

þ
]bath = 4 for (A–C), and [K

þ
]bath = 8.5 for (D–F). gmean, Mean

value of excitatory conductance.

Figure 6. Relationships between excitotoxicity and SBI. A: relationship among gmean, frequency (epileptiform activity intensity, EI), and hypoxia index (HI).

B: relationship among gmean, EI, and VEK . C: relationship between gmean, EI, and VENa
. EI, epileptiform activity intensity; gmean, linear function of epileptiform

activity intensity; HI, hypoxia index; SBI, secondary brain injury; VEK
, quantities of reversal potential of Kþ ; VENa

, quantities of reversal potential of Naþ .
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hypoxia occurs as increased intensity of seizures (i.e., the
larger the gray area of [O2]o under the threshold). The
overall relationship between [O2]bath and SBI is described
in Fig. 8. We find that as [O2]bath decreases resulting from
PBI, the EI decreases (seizures become briefer and less
frequent), and severity of SBI (i.e., HI) increases (Fig. 8A).
In addition,VEK

decreases with decreasing EI, and con-
versely, VENa

increases with decreasing EI (Fig. 8, B and
C). This might imply that the transition from PBI to SBI
resulting from decreased O2 level is accompanied by
decreasing EK and ENa.

We also see that when hypoxia becomes severe, the model
exhibits burst suppression-like activity. Figure 9 illustrates this
model behavior with [O2]bath =15. To clarify the change of neu-
ron behaviors due to varying [O2]bath, we perform analysis of
these dynamical bifurcations as a function of [Kþ ]o and [Naþ ]i.
The bifurcation diagram in Fig. 9B describes neuronal asymp-
totic behaviors associated with different fixed values of [Kþ ]o
and [Naþ ]i, where the “SN”denotes the saddle-node bifurcation
curve and “HB” denotes the Hopf bifurcation curve. To the left
of the SN curve, the neuron approaches a stable equilibrium
resting state. The neuron spikes regularly between SN and HB

Figure 7. Seizures occur within a narrow range of oxygen levels. This range depends on bath potassium concentration. Epileptiform activity intensity

decreases with decreasing oxygen levels. Plots show the membrane potential V, extracellular Kþ concentration ([Kþ ]o), extracellular O2 concentration

([O2]o), O2 consumption rate ([O2]rate), and reversal potentials of K
þ

and Na
þ

for [O2]bath = 32mg/L (A and D), [O2]bath = 26mg/L (B and E), [O2]bath =

22mg/L (C and F). [K
þ
]bath = 4 for (A–C), and [K

þ
]bath = 8.5 for (D–F). EK, reversal potential of K

þ
; ENa, reversal potential of Na

þ
.

Figure 8. Relationships between hypoxia and SBI. A: relationship between [O2]bath, EI, and HI. B: relationship between [O2]bath, EI, and EK. C: relationship

among [O2]bath, EI, and ENa. EI, epileptiform activity intensity; EK, reversal potential of K
þ
; ENa, reversal potential of Na

þ
; HI, hypoxia index; SBI, secondary

brain injury; VEK
, quantities of reversal potential of Kþ ; VENa

, quantities of reversal potential of Naþ .
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curves. To the right of theHB curve, the cell is attracted to a sta-
ble equilibrium depolarization block state (39). We have over-
laid trajectories of ion dynamics onto the bifurcation diagram
for three levels of [O2]bath: 32, 22, 15mg/L. We see that for
[O2]bath = 32 mg/L and 22mg/L, the loops do not cross the HB
curve, and only traverse between resting and spiking in a coun-
terclockwise manner. In these cases, the cell exhibits spontane-
ous periodic seizures alternating with a resting state. When
[O2]bath=15mg/L, the loop grows large enough to cross the HB
curve, and then return from depolarization block to the rest
state and does not cross the HB curve, and therefore involves
no spikes. In this case, the neuron behavior traverses from rest,
to spiking, to depolarization block, followed by a quiescent
state. This reflects the limited ability of pump activity to restore
ion gradients, causing the neuron to remain inactivated. This is
consistent with the observation (44) that severe anoxic brain
injury results not in seizures, but instead in “burst suppression”
and ultimately electrical inactivity.

In summary, the results of the foregoing computer simula-
tions provide explanations for how 1) brain injury can lead to
seizure activity; 2) seizure activity can exacerbate tissue hy-
poxia; 3) more severe brain injury can lead to more intense
seizure activity.

Summary of our model for the MSDMH.
Here, we summarize the results of our computational experi-
ments by tracing three underlying paths for how PBI can
evolve into SBI (Fig. 10). In the course of this discussion, we
provide additional experiments to illustrate how the main
results interact.
The first pathway relates to extracellular potassium.

In the experimental results of Fig. 3, we found that increased
[Kþ ]o, simulated by elevated [Kþ ]bath resulting from PBI, pro-
motes seizures. This is consistent with observations by
Raimondo et al. (13), where it is pointed out that epileptogenic
changes result in enhanced extracellular Kþ accumulation

Figure 9. A: severe hypoxia leads to burst suppression-like activity. In brain injury resulting in severe hypoxia-ischemia, the model produces not seizures, but

instead a “burst suppression” pattern, and ultimately electrical silence. In the example shown here, neuronal activity transitions from rest, to spiking, to depola-

rization block, then a quiescent state. B: bifurcation analysis with ion concentration dynamics when [O2]bath vary. The loops are traversed in a counterclockwise

manner, with [O2]bath = 32mg/L (blue), 22 mg/L (green), and 15mg/L (red), respectively. [Kþ ]o, extracellular K
þ concentration. HB, Hopf bifurcation curve; SN,

saddle-node bifurcation curve.

Figure 10. The three possible models for how primary brain injury (PBI), exacerbated by increased extracellular potassium (A), excitotoxicity (B), and

decreased oxygen level (C), evolve to secondary brain injury (SBI). Iexc, excitatory synaptic current; [K
þ
]o, extracellular potassium concentration; [O2]o,

extracellular oxygen concentration.
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during physiological activity, which triggers onset of seizures

and a further increase in [Kþ ]o. To model accumulation of

[Kþ ]o induced by seizures, we set [Kþ ]bath as a variable related

to EI, rather than a constant as in previous experiments. For

simplicity, let us assume [Kþ ]bath is a linear function of EI,

and [Kþ ]bath (EI) = [Kþ ]bath,initial þ a1(EI � EIinitial), where

[Kþ ]bath,initial represents the initial value of [Kþ ]bath, EIinitial is

the initial value of EI, and a1 is a constant of proportionality

(here, a2 = 0.1). This simple model expresses the observation

that, the higher the EI, the more extracellular potassium will

be accumulated (i.e., the higher [Kþ ]bath or [K
þ ]owill be).

From this model, we can obtain one keymechanistic path-

way for how PBI can evolve into SBI due to the increase of

[Kþ ]o, shown in Fig. 11. The initial value of [Kþ ]bath equals

6mM due to primary injury. This promotes occurrence of

seizures. Subsequently, on the one hand increased seizure

activity decreases the level of extracellular O2 because more

oxygen is required tomaintain activity of the Naþ -Kþ -pump

to restore ion gradients (shown by 1 in Fig. 11). On the other

hand, seizure activity further enhances the amount of

extracellular [Kþ ]o (shown by 2 in Fig. 11). Furthermore, the

increase in [Kþ ]o and decrease in [O2]o induce more intense

seizure activity (EI) (shown by 3 in Fig. 11). In turn, [Kþ ]o lev-

els are further increased (shown by 4 in Fig. 11). More pump

activity is needed to restore ion gradients, which requires

more oxygen consumption, causing [O2]o to drop further

(shown by 5 in Fig. 11). Together, these processes result in

SBI. Based on this, the first possible route by which PBI

evolves into SBI according to our model is summarized in

Fig. 10A.
The second pathway relates to excitotoxicity. In the

experiments shown in Fig. 5, we found that increasing Iexc
due to PBI, simulated by reduced gmean, promotes seizures.

In addition, increased expression of neuronal glutamate

transporters (EAAT3/EAAC1) in both rats and humans

occurs with epileptic seizures (45). To model this worsening

excitotoxicity induced by seizures, we set gmean as a variable

related to epileptiform activity intensity. For simplicity, we

assume that gmean is a linear function of EI, and gmean(EI) =

gmean,initial � a2(EI � EIinitial), where gmean,initial represents the

initial value of gmean, and a2 is a proportionality constant

(here, a2 = 0.03). This equation expresses the observation

that, the higher the EI, the more excitotoxicity will be

induced (i.e., the lower the gmean or higher the Iexc will be).

From this model we can obtain an integral mechanism path-

way about how PBI evolves into SBI due to excitotoxicity,

shown in Fig. 12. The initial value of gmean = 0.9. Based on

this, a second possible route by which PBI evolves into SBI is

summarized in Fig. 10B.

The third pathway relates to tissue hypoxia. In the

experiments shown in Fig. 7, we found that decreasing O2

resulting from PBI promotes seizures, which we simulated

by reduced [O2]bath. Furthermore, seizures promote activa-

tion of the Naþ -Kþ -pump, leading to increased oxygen

consumption, which decreases local tissue [O2]o. To simu-

late decreasing [O2]o induced by seizures, we set [O2]bath as

a variable related to epileptiform activity intensity. For

simplicity, we assume that [O2]bath is a linear function of

EI, [O2]bath (EI) = [O2]bath,initial � a3 (EI � EIinitial), where

[O2]bath,initial is the initial value of [O2]bath, and a3 is a pro-

portionality constant (here, a3 = 0.1). This model captures

the observation that higher oxygen consumption is needed

to support more intense epileptiform activity (i.e., the

lower [O2]bath or [O2]o will be). The corresponding result is

shown in Fig. 13. The initial value of [O2]bath = 32. We sum-

marize these results as the third route by which PBI can

evolve into SBI in Fig. 10C. Here, decreasing O2 due to pri-

mary brain injury promotes seizures, leading in turn to

Figure 11. Increased potassium: first pathway for evolution of primary brain injury (PBI) into secondary brain injury (SBI). Dependence of model output (V),

reversal potential of K
þ
, and O2 concentration related to increased [K

þ
]o induced by PBI. These observations are summarized in Fig. 10A. EK

þ
, reversal

potential of Kþ ; [Kþ ]o, extracellular potassium concentration; [O2]o, extracellular oxygen concentration.
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further decreases in oxygen levels. In this case, SBI will

occur if there is insufficient supply of O2.

DISCUSSION

In this work, we have built a mechanistic model that

implements, at least in part, the metabolic supply demand

mismatch hypothesis (MSDMH), which has been proposed

to explain why patients with acute brain injury frequently

develop seizure activity and secondary brain injury (SBI).

According to the MSDMH, SBI arises from interactions

among several factors, including compromised metabolic

reserve, seizures and periodic discharges (PDs), ischemia,

hypoxia, and possibly inflammation. These factors com-

bine to induce a state of supply-demand mismatch, or

metabolic crisis, in which reduced metabolic supply (e.g.,

reduced glucose and/or oxygen levels), in combination

with increased metabolic demand (e.g., due to seizures or

periodic discharges) leads to cellular injury (e.g., evi-

denced by elevation in the lactate/pyruvate ratio, Refs. 46

and 47). Nevertheless, the MSDMH is specified at a con-

ceptual level and does not provide explicit or detailed

mechanisms for how the various factors interact. In pro-

posing an explicit mathematical model of the underlying

physiological mechanisms, our model attempts to fill this

Figure 13. Decreased oxygen levels: third pathway for evolution of primary brain injury (PBI) into secondary brain injury (SBI). Model behavior (reversal

potential of K
þ
, and O2 concentration) in relation to decreased [O2]bath induced by the PBI. These observations are summarized in Fig. 10C. [O2]o, extra-

cellular oxygen concentration; V, membrane potential.

Figure 12. Increased excitotoxicity: second pathway for evolution of primary brain injury (PBI) into secondary brain injury (SBI). Model response to output

(reversal potential of K
þ
and O2 concentration) in relation to increased excitotoxicity (Iexc) induced by PBI. These observations are summarized in Fig.

10B. gmean, Mean value of excitatory conductance; [O2]o, extracellular oxygen concentration; V, membrane potential.
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gap. Our model, based on the Hodgkin–Huxley model, is

supplemented with additional dynamics of three known
mechanisms in SBI, namely, decreased oxygen, increased
extracellular potassium, and increased excitotoxicity. In

addition, we define four new indices: hypoxia index (HI),
epileptiform activity intensity (EI), quantities of reversal
potentials of Naþ and Kþ (VENa

; VEK
). Then, according to

the proposed model and the defined indices, we show how
changes in extracellular potassium, oxygen concentration,
and excitotoxicity might play important roles in the evolu-
tion from PBI to SBI and suggest three underlying paths

for how events following PBI may lead to SBI.
In contrast to current practices which assume that ische-

mia plays the predominant role in SBI and that interventions
should focus on enhancing delivery of cerebral blood flow

and oxygen, our model and the data they are based on (Refs.
48 and 49) suggest that metabolic crisis can also be nonis-
chemic. Thus, our model predicts that commonly used phys-

iologic endpoints [intracranial pressure (ICP) and blood
pressure targets], and methods for monitoring these, are
insufficient to prevent SBI. A corollary of this prediction is

that additional interventions aimed at preventing and con-
trolling seizures and epileptiform activity, reducing inflam-
mation, and preventing excitotoxicity may be needed to
optimize prevention of SBI. In turn, biomarkers more

directly related to metabolic supply and demand are likely
needed to judge the adequacy of medical interventions in
patients with SBI. These might include microdialysis (30,

50), tissue oxygen and blood flow (51), and continuous elec-
troencephalography (52).

Various single neuron computational models have been
built based on the HH model, augmented with mathemati-

cally characterized mechanisms, to elucidate the generation
of physio-pathological activities or phenomena. It is worth
mentioning here the works of Barreto and Cressman (39),
Zandt et al. (53), and Wei et al. (17), where the dynamics of

ions (especially potassium and sodium) are characterized the
same way as in our work. Although the base model, and the
dynamic equation of potassium used in these works are simi-

lar to those in our model, the problems addressed in four
works are quite different. Barreto and Cressman described a
neuronmodel to show the role of ion concentration dynamics

in the generation of periodic bursting behavior. Zandt et al.
applied a bifurcation analysis for a single-cell model to
explain five different kinds of membrane voltage patterns
related to anoxic depolarization in slices of rat cortex. Wei et

al. proposed a biophysical model to account for experimental
observations that related to seizures and oxygen dynamics. In
contrast, our work focuses on explaining how patients with

acute brain injury can develop SBI. Due to the different objec-
tives, the final models in four works are also quite different.
The work of Barreto and Cressman considered ion concentra-

tion dynamics and added additional equations to describe the
dynamics of both intra- and extracellular sodium and potas-
sium to the base HH model. The work of Zandt et al. directly
replicated the model used in Barreto and Cressman without

modification. In the work of Wei et al., the model is an
extension of the HH formalism and includes the neuronal
microenvironment dynamics of sodium, potassium, and

oxygen concentrations. By contrast, the model proposed
in our work, based on the base HH model, is supplemented

with additional dynamics corresponding to three mecha-

nisms involved in SBI: 1) decreased oxygen; 2) increased

extracellular potassium; and 3) increased excitotoxicity.

Although we use the same equations for potassium and oxy-

gen as in Barreto and Cressman and Wei et al. in our work, a

novel component is that we included dynamics of excitotoxic-

ity in our study. Other novel components are that our model

includes a self-reinforcing feedback loop by making the rele-

vant parameter (i.e., [Kþ ]bath, [O2]bath, gmean) a function of EI.

Finally, we explicitly identify three underlying paths for how

events following PBI may lead to SBI. In addition, our analy-

sis of this model also helps to provide new hypotheses to

explain several important empirical observations from

prior literature, including the observation that brain injury

frequently leads to seizures, and that more severe brain

injury is associated with more severe seizures.

Limitations

Our study has important limitations. Most importantly,

our results are based on mathematical modeling rather than

direct physical experiments. Thus, our work suggestsmecha-

nisms to explain relationships and correlations from prior

observational studies but does not provide definitive evi-

dence for the proposed mechanisms. Another limitation is

that our model does not include all mechanisms that have

been proposed to contribute to metabolic supply demand

mismatch. In particular, our model does not include inflam-

mation, which may be an important mediator of SBI in sub-

arachnoid hemorrhage (51), nor have we studied the role of

cortical spreading depolarizations, which likely also play a

critical role in SBI (54). These topics remain for future mod-

eling studies.
In addition, it is necessary to clarify that the frequency of

seizures and PDs in our model is not exactly equivalent to

some observations reported in the literature. For example, in

the work of Witsch et al. (5), it was shown that PDs greater

than 2Hz represent the threshold for hypoxia. Our model

agrees with this work qualitatively, but not quantitatively.

This is not surprising, given that the frequency of PDs in

work of Witsch et al. was computed from scalp EEG which

reflects the activity of an assembly of neurons, whereas our

model is a simplified computational model. In our work, the

frequency of seizures and PDs is computed from a simplified

compartment of a single biological neuron. Nevertheless,

our work successfully captured the main hypothesis in the

work of Witsch et al., which is that the higher-frequency dis-

charges appear to cause increasedmetabolic stress and more

hypoxia than lower frequency discharges.
In addition, it is important to study how the SBI in one

region affects SBI in other regions. In future work, we will

consider more neurons with excitatory and inhibitory synap-

tic connections and extend our single neuronmodel to a net-

work-basedmodel.

Conclusion

We have proposed an explicit neurophysiologically plausi-

ble mechanistic model for the metabolic supply demand

mismatch hypothesis of SBI. Our model is based on three

modifications of the well-studied Hodgkin–Huxley model

that are believed central to brain dysfunction in primary
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brain injury as it evolves into secondary brain injury:

increased extracellular potassium, decreased oxygen con-

centration, and increased excitotoxity. We defined four new

indices to characterize effects of hypoxia, seizure activity,

and reversal potentials of Naþ and Kþ to quantify the extent

of secondary injury, epileptiform activity intensity, and the

quantity of reversal potentials. Furthermore, according to

the proposedmodel and the defined indices, we explored the

relationship among pathological alterations following PBI,

seizures, and SBI and provided a high-level unified explana-

tion for why patients with acute brain injury frequently de-

velop SBI. Using this model, we investigated how decreased

oxygen, increased extracellular potassium, excitotoxicity,

and seizures may induce SBI and suggest three underlying

pathways for how events following PBI may lead to SBI. The

proposed model helps explain several important empirical

observations, including the common association of acute

brain injury with seizures, the association of seizures with

tissue hypoxia and so on. In contrast to current practices

which assume that ischemia plays the predominant role in

SBI, our model suggests that metabolic crisis involved in SBI

can also be nonischemic.
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